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Abstract
We compute the low lying eigenvalues of the Hermitian Dirac operator in lattice
QCD with Nf = 2 + 1 + 1 twisted mass fermions. We discuss whether these
eigenvalues are in the ǫ-regime or the p-regime of Wilson chiral perturbation
theory (χPT) for twisted mass fermions. Reaching the deep ǫ-regime is practi-
cally unfeasible with presently typical simulation parameters, but still the few
lowest eigenvalues of the employed ensemble evince some characteristic ǫ-regime
features. With this conclusion in mind, we develop a fitting strategy to extract
two low energy constants from analytical ǫ-regime predictions at a fixed index.
Thus, we obtain results for the chiral condensate and the low energy constant
W8. We also discuss how to improve both the theoretical calculation and the
lattice computation.
1. Introduction
The systematic control and elimination of discretization errors has been the
center of attention for the community of lattice field theories in the past decades.
The twisted mass formulation of lattice QCD is one of the most successful
ways to improve the cutoff effects of the Wilson discretization [1, 2, 3]. At
maximal twist, the discretization errors in the action and the matrix elements
are of O(a2). The other main advantage of the twisted mass prescription is the
absence of exceptional configurations, since the problem of small eigenvalues of
the Hermitian Dirac operator is regulated by the addition of the twisted mass.
This is therefore a very promising description which allows for fast simulations
of dynamical fermions with solid theoretical foundations. The main drawback
of this prescription is that parity and isospin symmetry are broken by cutoff
effects of O(a2). For a pedagogical and detailed introduction to the twisted
mass formulation, we refer the reader to [4, 5].
Recently, the European Twisted Mass collaboration (ETMC) has been sim-
ulating twisted mass fermions at the physical pion mass [6, 7], which already
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gets rid of one extrapolation, namely the chiral one. However, physical point
simulations come at a heavy price and simulations at a heavier pion mass are
still performed. During the course of a lattice study, there is another neces-
sary extrapolation to be made and it is the one to the continuum limit. When
simulating closer and closer to the continuum limit, one faces extremely severe
problems, mainly related to critical slowing down [8] and the freezing of topol-
ogy. The introduction of open boundary conditions [9] significantly ameliorated
the issue, but still simulations with values of the lattice spacing < 0.05 fm re-
main very difficult. So one needs to perform a combined chiral and continuum
extrapolation and we advocate here for a lattice augmented version of the low
energy Effective Field Theory (EFT) for QCD, which correctly incorporates
discretization errors to leading order (LO) in a.
The low-energy EFT for Wilson fermions, Wilson χPT, was introduced in
[10, 11, 12]. It provides a systematic framework to study the quark mass de-
pendence as well as the discretization effects in various, phenomenologically
interesting observables. We refer the reader to [13] for a detailed and pedagog-
ical introduction to Wilson χPT. Moreover, one can study the intricate phase
diagram of twisted mass fermions in analytical mean field studies employing
Wilson χPT [14, 15, 16, 17, 18]. When m ∝ a2, one has two possibilities, that
of a second order phase transition to the so called Aoki phase [19] or a first order
scenario (the Sharpe-Singleton scenario) [10]. The sign and the strength of the
new low energy constants (LECs) which parametrize lattice artifacts determine
which of the two scenarios is realized in practice during a lattice simulation, see
e.g. [20]. By the same token, one can describe within Wilson χPT the changes
in the orientation of the chiral condensate [14, 13, 18]. The chiral condensate
changes promptly from -1 to +1 in the first order scenario, while it changes in
a continuous manner in the Aoki phase. Finally, the extraction of the physical
LECs, such as Fπ and Σ, through fits to χPT formulae hinges strongly on the
knowledge of the LECs of Wilson χPT.
Consequently, there has been a great deal of analytical [21, 22, 23, 24, 25, 26,
27, 28, 29, 30] and numerical [31, 32, 33, 34, 35, 36] work on the extraction of
the LECs of Wilson χPT. The LECs of Wilson χPT parametrize the pion mass
splittings [32], the difference of the pion scattering lengths between channels
with isospin zero and isospin equal to two [27, 33] and they also measure the
departure from unitarity in a mixed action setup where one simulates overlap
fermions in a sea of a cheaper discretization, e.g. twisted mass fermions [31].
A very promising method, which we will follow in this paper, is to extract
the LECs of Wilson χPT by fitting analytical results derived in the framework
of Wilson χPT in the ǫ-regime to eigenvalue densities of the Dirac operator
computed on the lattice. We compute numerically the microscopic spectral
density for lattice QCD with twisted mass fermions and compare it with the
analytical result presented in [37]. We obtain results for the chiral condensate
and the low-energy constant W8 of Wilson χPT by fitting the lattice data for
the microscopic spectral density of the Hermitian Wilson Dirac operator with
a fixed index and at a finite volume to the analytical results. This is a case
study at one value of the lattice spacing and at one volume, attempting, for
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the first time for dynamical twisted mass fermions, to study numerically the
spectrum of the twisted mass Wilson Dirac operator, test the validity of the
analytic results of Wilson χPT and extract directly from the spectrum two
important low-energy constants. Preliminary results were presented in [38, 39].
Note that the microscopic eigenvalue density is extremely sensitive to the O(a2)
effects of Wilson χPT: because the partially quenched quark mass-scale, set
by microscopic eigenvalues, is 1/V , the O(a2) terms have a large effect even if
a ∼ 1/√V (this is known as the Aoki-regime). Other methods to extract the
LECs of Wilson χPT may not be as sensitive to the O(a2) if a ∼ 1/√V . For
example, in the p-regime of Wilson χPT, where the quark mass scale is 1/L2,
the O(a2) may have a much smaller effect if a ∼ 1/√V (this is known as the
GSM regime). For a discussion of the counting in the ǫ- and p-regime of Wilson
χPT and the relation to the Aoki and GSM regimes, see [29, 40].
2. The theoretical prelude
2.1. Twisted mass QCD in the continuum
The fermionic part of the Lagrangian density of continuum twisted mass
QCD, for two flavors, is given, in the twisted basis, by
L = χ¯(γµDµ +m+ iztγ5τ3)χ, (1)
where in addition to the usual Dirac term and the quark mass m, the so called
twisted mass zt has been introduced. Note that the twisted mass term has a non
trivial Dirac and flavor structure, as it comes with τ3 in flavor space and with
γ5 in Dirac space. The immediate consequence of the addition of this new mass
term is that the determinant of the twisted mass Dirac operator D is strictly
positive and one does not encounter the so-called exceptional configurations
(these are configurations where the Dirac eigenvalue is almost equal to minus
the quark mass and which correspond to an almost singular Dirac operator).
This is achieved, since the spectrum of the Dirac operator is excluded by a strip
of width 2zt along the real axis [41], but can also immediately be seen from
the fact that det(D +m+ iztγ5τ3) = det(D +m) det((D +m)
†) + z2t > 0. The
connection of twisted mass to ordinary QCD is straightforward in the continuum
if one considers the following chiral transformation [2],
ψ = exp(iωγ5τ3/2)χ, ψ¯ = χ¯ exp(iωγ5τ3/2), (2)
where ω = arctan(zt/m). Then, one can immediately rewrite the twisted mass
Lagrangian density as
L = ψ¯(γµDµ +M)ψ, (3)
where M =
√
m2 + z2t is the polar mass. The Grassmann fields ψ are in
the physical basis. Since the transformation between the two bases is non-
anomalous [2], one can consider it as merely a change of variables which relates
twisted mass QCD to ordinary QCD. On the lattice, it was shown in Ref. [1]
that this equivalence is still valid, but spoiled, as anticipated, by discretization
errors.
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2.2. Wilson χPT for twisted mass fermions
Entirely relying on symmetry properties, one can write down the chiral La-
grangian with O(a2) terms included [42, 10, 11, 12]. In this study, we focus on
the ǫ-regime, where m ∼ zt ∼ a2 ∼ 1/V , and hence the pion Compton wave-
length is much larger than the box where the theory is regulated. Consequently,
the partition function factorizes and is given by a zero dimensional unitary ma-
trix integral describing the zero momentum modes [21, 22, 23, 25, 37, 43]. The
partition function at a fixed vacuum angle θ is decomposed according to
ZNf (m, θ; a) =
∞∑
ν=−∞
eiνθZνNf (m; a) (4)
into an infinite sum of partition functions with a fixed index ν. The fixed index
partition function for twisted mass fermions with all leading order (LO) in a
discretization errors, in the ǫ-regime, reads
ZνNf (m) =
∫
U (Nf)
dµ(U) detνU exp
[m
2
V ΣTr (U + U−1) +
z
2
V ΣTrτ3(U − U †)
]
× exp [−a2VW6Tr2(U + U−1)− a2VW7Tr2(U − U−1)
−a2VW8Tr(U2 + U−2)
]
, (5)
where the complex matrix valued spurion fields m, a are taken to be real and
proportional to the identity. As stated previously, ν is the index of Wilson Dirac
operator (defined via the spectral flow lines [44, 45, 46]). Note that the partition
function, apart from the chiral condensate Σ, involves three new unknown LECs
W6/7/8, which parametrize the discretization errors. Note that in this article,
we follow the sign conventions of [37] which are the opposite of [12], where the
same LECs are given by −W ′6/7/8, respectively. The values for the LECsW6/7/8
are determined by the lattice action (e.g. a particular choice of the gauge action,
improvement terms and/or the gauge field smearing in the Dirac operator, etc.)
and can be determined through lattice simulations.
2.3. The microscopic spectral density for Nf = 2 twisted mass fermions
In Ref. [37], the microscopic spectral density of the Hermitian Dirac operator
D5(m = 0) ≡ γ5D(m = 0) for a fixed index ν and two flavors at maximal
twist was derived analytically in the framework of Wilson χPT for twisted mass
fermions (WtmχPT). The authors of [37] employed the graded method, where
one adds an additional fermionic quark and an additional bosonic (ghost) quark
with twisted masses z and z′, respectively, to the partition function. This
prescription is often referred to as partial quenching. In the approximation
where W6 =W7 = 0, the supersymmetric partition function takes the form
Zν3|1(Z; a) =
∫
Gl(3|1)/U(1)
dµ(U) Sdet(iU)ν e
i
2
Str (Z[U+U−1])+aˆ2Str (U2+U−2), (6)
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where Z contains the appropriate sources with respect to which one differenti-
ates in order to compute the desired spectral resolvent, see [37]. Here and below,
we will use the notation mˆ = mV Σ, zˆt = ztV Σ and aˆ
2 = a2VW8. Neglecting
W6/7 is an approximation performed in order to simplify the analytical compu-
tation of the integral over the graded group Gl(3|1)/U(1). It is also motivated
by the conventional lore that the double-trace terms are suppressed in the large
Nc limit [47].
Here, we will state the results from [37] needed in the present context. The
spectral density can be computed through the discontinuity of the resolvent,
ρν5(λˆ
5, zˆt; aˆ) =
〈∑
k
δ(λˆ5k − λˆ5)
〉
Nf=2
=
1
π
Im[Gν3|1(zˆ = −λˆ5, zˆt; aˆ)]ǫ→0, (7)
where λˆ5 = λ5V Σ are the rescaled eigenvalues of the Hermitian Wilson Dirac
operator. One should note that the quark mass scale of the partially quenched
flavors is set by the magnitude of the Dirac eigenvalue we consider. As we
will be focusing on the microscopic eigenvalues, the partially quenched flavors
automatically have quark masses of order 1/V .
After a lengthy and technical computation presented in [37], the final ex-
pression for the resolvent is
Gν3|1(z, zt; a) = G
ν
1|1(z, z; a) +
Z2(izt, z; a)
Zν2 (izt,−izt; a)
z − izt
2izt
Gν1|1(−izt, z; a)
− Z
ν
2 (−izt, z; a)
Zν2 (izt,−izt; a)
z + izt
2izt
Gν1|1(izt, z; a), (8)
where
Gν1|1(z1, z2; a) =−
1
16a2π
∫ ∞
−∞
dsdt
1
t+ z2 − is− z1 e
−(s2+t2)/(16a2)
×
(
is+ z1
t+ z2
)ν
Zν1|1(
√
−(is+ z1)2,
√
−(t+ z2)2, a = 0), (9)
with
Zν1|1(m1,m2; a = 0) =
(
m2
m1
)ν
(Iν(m1)m2Kν+1(m2) +m1Iν+1(m1)Kν(m2))
(10)
and Iν (Kν) are modified Bessel functions of the first (second) kind. The re-
maining integrals are evaluated numerically in order to produce plots of the
spectral density. In Figure 1 and 2, we plot the spectral density of the Hermi-
tian twisted mass Wilson Dirac operator for the range of the parameters which
are relevant to this study.
Figure 1 shows the analytical result of the microscopic (ǫ-regime) spectral
density for a fixed large value of the twisted mass (zˆt = 35) for various values
of the rescaled lattice spacing aˆ and for the three values of the index considered
5
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Figure 1: The ǫ-regime spectral density of the Hermitian twisted mass Wilson Dirac operator
is plotted for the lowest values of the topological charge (|ν| = 0, 1, 2 in the first, second
and third row, respectively). This is the analytical result derived in [37] plotted for zˆt = 35
and different values of the rescaled lattice spacing aˆ. We see that the microscopic eigenvalue
distribution and in particular the would be zero modes, corresponding to the single peak for
|ν| = 1 and double peak for |ν| = 2, are extremely sensitive to the O(a2) effects even though
a ∼ 1/√V . Note that we have dropped the “hat” from the rescaled variables a, zt in the
legend of the plots.
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in this study (|ν| = 0, 1, 2). The characteristic feature of continuum or close-
to-continuum ν = 0 results is the presence of a deep minimum at λ5 = 0
in the spectral density, with ρ5(0) = 0 in the continuum, or a pronounced
maximum at ν 6= 0 (double maximum for |ν| = 2), corresponding to the zero
modes or would-be zero modes of the Hermitian Dirac operator, becoming a
Dirac delta in the continuum. Thus, the lattice data can already be visually
assessed for the presence of these features to see how important are lattice
effects. Note, however, that the relevant parameter is aˆ2 = a2VW8 – thus even
rather small lattice spacings can be devoid of the discussed features, i.e. have
the minimum/maximum smeared out, if W8 is large.
In Figure 2, we plot the analytical result of the microscopic spectral density
for a large fixed value of the rescaled lattice spacing (aˆ = 1) for several values
of the rescaled twisted mass (and for the quenched case). Here, a significantly
different behavior of the spectral density corresponds to small rescaled twisted
masses, with a deep minimum present for zˆt ≈ 1 and exactly vanishing spectral
density at the origin in the massless limit. However, since zˆt = ztVΣ and
the expected value of the chiral condensate is of order 300 MeV, the relevant
regime of rescaled twisted masses is of order zˆt ≈ 35 at this volume, as the value
chosen for showing the aˆ-dependence in Figure 1. We note also that the distance
between peaks (minima or maxima) of the spectral density is affected by the
presence of dynamical light quarks. In the quenched case, this distance is π/2,
while for finite zˆt it slightly increases for the low-lying eigenvalues. Since the
area below the spectral density curve is normalized to the number of eigenvalues,
a consequence of increased distance between peaks in the dynamical case is
that the spectral density lies systematically below 1/π, while the quenched one
oscillates about this value.
3. The computational setup
3.1. The lattice action and parameters
In our study, we have been employing gauge field configurations with Nf =
2 + 1 + 1 dynamical twisted mass fermions at maximal twist. By courtesy of
the European Twisted Mass Collaboration (ETMC), these are publicly avail-
able configurations [48, 49]. In the gauge sector, ETMC employs the Iwasaki
action [50, 51], which is renormalization group improved and reads
Sgauge =
β
3
∑
x
(
3.648
4∑
µ,ν=1
1≤µ<ν
{1−ReTr(U1×1x,µ,ν)}−0.331
4∑
µ,ν=1
µ6=ν
{1−ReTr(U1×2x,µ,ν)}
)
,
(11)
with β the inverse bare gauge coupling, U1×1x,µ,ν is the usual plaquette and U
1×2
x,µ,ν
is the rectangular (1 × 2) Wilson loop. In the fermionic sector, we have two
variants of the twisted mass action, one for the light degenerate u, d quarks and
one for the heavy non-degenerate doublet of s, c quarks. The fermionic action
7
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Figure 2: As in Figure 1, we plot here the ǫ-regime spectral density of the Hermitian twisted
mass Wilson Dirac operator for |ν| = 0, 1, 2 obtained in [37]. Here we have chosen aˆ = 1 and
we vary zˆt. We include also the quenched spectral density for comparison.
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for the degenerate light flavors reads [1, 2, 3]
Slight[χ, χ¯, U ] =
∑
x
χ¯l(x)
[
DW+m(0,l)+iγ5τ3µl
]
χl(x) , (12)
where m(0,l) is the untwisted bare light quark mass, µl is the bare twisted mass
in the light sector. For the heavy non-degenerate strange and charm quarks, we
have [3, 52]
Sheavy[χ, χ¯, U ] = a
4
∑
x
{
χ¯h(x)
[
D[U ] +m(0,h) + iµσγ5τ1 + µδτ3
]
χh(x)
}
,
(13)
wherem(0,h) is the untwisted bare quark mass for the heavy doublet, µσ the bare
twisted mass of the heavy doublet. Note that the twist angle is this time along
the τ1 direction and µδ the mass splitting along the τ3 direction. The Wilson
Dirac operator DW is defined through the addition of the lattice Laplacian to
the naive symmetric covariant derivative
DW =
1
2
γµ(∇µ +∇⋆µ)−
a
2
∇⋆µ∇µ , (14)
where ∇µ and ∇⋆µ denote the forward and backward covariant derivatives.
Our study employs one lattice ensemble with lattice spacing a = 0.0815(30)
fm [53], the lattice volume is 323× 64, the physical extent of the box is L ∼ 2.5
fm and the bare twisted masses are equal to aµl = 0.0055, aµσ = 0.135 and
aµδ = 0.170. This ensemble has 2 + 1 + 1 flavors, but the heavy charm and
strange quarks, whose bare twisted masses (aµs = 0.0158 and aµc = 0.2542)
are much larger than the smallest Dirac eigenvalues, behave as quenched from
the point of view of the Dirac spectrum. This allows us to compare with the
analytical results of the spectral density with Nf = 2. The pion mass (mπ)
computed from these configurations is equal to around 370 MeV. The quite
large physical extent of the box takes care of the finite volume corrections,
which are O(e−mpiL), and mπL ≈ 5 for our setup.
Even though the pion mass in this simulation does not satisfy 1/Mπ ≫ L,
the smallest eigenvalues can be in the ǫ-regime. The characteristic energy scale
below which the Dirac eigenvalues are described by the ǫ-regime of χPT is called,
in an analogy to the condensed matter literature, the Thouless energy scale [54]
(see also below). It is important to stress that the number of eigenvalues in the
ǫ-regime in a given lattice simulation is not known beforehand.
3.2. The computation of the index
The integer ν in WtmχPT is the index of the Wilson Dirac operator. The
direct numerical computation of the index is quite demanding. In our study,
we have therefore utilized a gluonic definition of the topological charge com-
bined with smearing via the Wilson flow [55]. The Wilson flow is an economical
method (with respect to the direct computation of the index utilizing the overlap
Dirac operator), with solid theoretical foundations. Another attractive feature
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of it is that it does not involve additive or multiplicative renormalization. How-
ever, it is important to point out that any gluonic definition that amounts to
computing the volume integral of the topological charge density of smoothed
configurations does not yield an integer number in general.
In our study, we have associated an integer topological charge ν to gauge
configurations which had a measured topological charge in the range [ν−1/2, ν+
1/2). Defining the topological charge in this manner is by no means a caveat
of our analysis, since at finite lattice spacing the topological charge is not well
defined and there is no possibility of a unique assignment of a particular value of
the topological charge to a lattice gauge configuration. Even if one uses a costly
fermionic method that yields an integer value of the topological charge, such as
the index of the overlap Dirac operator, still the definition is not unique, be-
cause the value of the index is dependent on the s parameter of the kernel of the
overlap operator that has to be tuned appropriately in order to ensure locality
[56, 31]. In order to test the sensitivity to the used method, we have employed
various discretizations of the topological charge density. The first discretization
as mentioned, utilizes the Wilson plaquette definition and has discretization er-
rors of O(a2) [57], the second definition includes the addition of the clover term
and has discretization errors of O(a2) [57]. The third discretization has rectan-
gular clover terms and has discretization errors of O(a4) [57]. The agreement
and correlation among these three methods for the given value of the lattice
spacing is above 98%, see [58, 59] for a more detailed analysis and discussion of
correlations between different definitions of the topological charge.
We computed the topological charge for 5000 independent gauge field con-
figurations (sufficiently separated in Monte Carlo time such that no autocorrela-
tions are detectable) and selected the ones with index |ν| = 0, 1, 2. The number
of configurations in the three topological sectors turned out to be ∼ 200 for
ν = 0, ∼ 400 for |ν| = 1 and also ∼ 400 for |ν| = 2. Hence, only around 1000
configurations could be used in our analysis, since for this large physical volume,
the fluctuations of the topological charge are relatively large. Note that this is
already very many configurations for the standards of present-day large-scale
lattice QCD simulations, since this ensemble is the ETMC’s longest ensemble.
However, the number of configurations that can be used for our study is natu-
rally limited by autocorrelations in the topological charge and the requirement
of analyzing configurations at a fixed index.
4. Analysis strategy and results
4.1. Analysis strategy
We computed the five lowest eigenvalues of the Hermitian operator D†D
at a fixed index |ν| = 0, 1, 2. To compare with the analytical formulae for the
operator γ5D, we took the square root of the eigenvalues of D
†D and we also
determined the sign of each eigenvalue by applying the operator γ5D to the
computed eigenvectors. In this way, we arrived at five lowest eigenvalues of
γ5D, which we denote by λ
5. We also checked that the obtained spectra are
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indeed symmetric with respect to the change λ5 → −λ5 and we symmetrized
the spectrum to effectively gain statistics. Finally, we constructed histograms of
eigenvalues for all three topological sectors by selecting a bin size δ and attribut-
ing the eigenvalues with a|λ5| ∈ [nδ, (n+ 1)δ] to the n-th bin (n = 0, 1, 2, . . .).
To estimate the potential systematic effect from choosing a particular bin size,
we repeated all our analyses for δ = 0.8 · 10−4, 1.0 · 10−4, 1.2 · 10−4, 1.4 · 10−4.
We performed a bootstrap procedure with 1000 samples to obtain also the
errors of the histograms and thus also of the spectral density that can be fitted
to WtmχPT predictions. At this stage, the eigenvalues are not yet rescaled
λ5 → λˆ5 = λ5VΣ, since Σ is to be extracted from our fits.
The first thing to address in the analysis of the obtained histograms is
whether the data are indeed in the ǫ-regime. We will discuss this issue in
the next subsection by considering the Thouless energy scale and by compar-
ing results of fits assuming either ǫ- or p-regimes. Now, we describe our fitting
procedure for the ǫ-regime case.
The fitting ansatz is given by
ρν5(Nλˆ
5)lattice = ρν5(λˆ
5, zˆt; aˆ), (15)
where the right-hand side ρν5(λˆ
5, zˆt; aˆ) is the analytical formula given by Eq. (7)
and the left-hand side are the lattice data (N is a fitting parameter whose role
is explained in what follows). There are, thus, three fitting parameters: the
rescaled variables zˆt, aˆ and a third parameter that needs to be introduced for a
proper description of data. It is clear that the approximation of neglecting the
terms proportional to W6 and W7 in the chiral Lagrangian can only be justified
in the large-Nc limit, where single trace terms dominate. This is by far not the
case here and this can only be treated as an approximation that simplifies the
cumbersome analytical solution. In Ref. [25], the exact analytical dependence
on W6 and W7 was studied for all the different eigenvalue densities (complex,
real) of the unimproved non-Hermitian Wilson Dirac operator. In Figure 1
of [25], the effect of these LECs is described schematically. What was observed
was that W6 leads to a broadening of the Dirac spectrum parallel to the real
axis according to a Gaussian with a width proportional to aˆ6 =
√
VW6a. Also
W7 has a non-trivial effect on the spectrum of the unimproved Wilson Dirac
operator and once W6 = 0, the purely imaginary eigenvalues enter the real axis
via the origin, while the real eigenvalues are broadened by a Gaussian with a
width proportional to aˆ7 =
√
VW7a. In order to take into account this effect,
we allow for a free normalization in the x−axis (the N parameter), since this
accounts to a certain extent for this broadening or squeezing of the spectrum
due to W6 and W7. When everything is properly taken into consideration, the
locations of the peaks of the spectral density correspond to single eigenvalue
distributions and therefore it is clear that lattice and analytical data have to
perfectly agree on the location of the peaks.
The form of the analytical formulae describing the spectral density im-
plies that a standard fitting procedure, evaluating the analytical formulae at
each solver procedure iteration, is by far too demanding. Therefore, our first
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step was to tabulate the analytical values by evaluating them for each combi-
nation (|ν|, aˆ, zˆt, λˆ5), with |ν| = 0, 1, 2, aˆ = 0.25, 0.30, . . . , 1.45, 1.50, zˆt =
5, 5.1, . . . , 50.8, 50.9 and λˆ5 = 0, 0.1, . . . , 11.9, 12.0, making up a total of
4341480 evaluations. Each evaluation required computing six two-dimensional
complex (four-dimensional real) improper integrals, with carefully tuned numer-
ical integration ranges to replace infinities with sufficiently high cutoffs. The
chosen cutoff is aˆ and zˆt dependent, with larger cutoffs for larger aˆ and zˆt. The
most difficult cases, for |ν| = 2 with large aˆ and large zˆt, required computations
lasting minutes, thus making the tabulation a somewhat tedious procedure, but
a necessary one in order to perform the fits in an efficient way. The integrations
were performed using the cubature library [60] (using adaptive multivariate in-
tegration over hypercubes [61]). Having the tabulated values of the analytical
spectral density, we could use them in the fits. For any needed value of param-
eters, our fitting code performed a short interpolation between available values
of (aˆ, zˆt, λˆ5) for a given ν. In this way, we obtained values of the fitting pa-
rameters aˆ, zˆt, N minimizing the χ
2 function, defined in the standard way as
the sum of squared differences between lattice data and the analytical formula.
We note that the independent variable entering the fitting ansatz, λˆ5 = λ5V Σ,
involves the LEC Σ that enters also the fitting parameter zˆt. Hence, the fitting
has to be done self-consistently, i.e. changing the value of zˆt in a solver iteration
implies also rescaling the x-axis.
It is important to emphasize that the bare condensate values extracted from
the matching of the analytical formulae to the lattice data require multiplicative
renormalization and this is the only renormalization needed in our procedure.
For the case of twisted mass fermions, the relevant renormalization function
is ZP (contrasted to ZS for ordinary untwisted Wilson fermions). ZP was
computed for these values of the parameters by the ETMC in [53, 63, 62] and it
was found to be, in the MS scheme at 2 GeV, ZP = 0.509(4) (we use the value
from [53]).
For comparison, we also performed fits of the ǫ-regime continuum formula
(enforcing aˆ = 0), as well as of the LO p-regime continuum formula, which reads
ρν5(λˆ
5)lattice =
1
π
. (16)
Note that the fitting parameter, Σ, is here hidden in the left-hand side, i.e.
finding its χ2-minimizing value consists in adjusting the rescaling λˆ5 = λ5V Σ
to solve the minimization problem. We also remark that there exists a NLO
p-regime formula [65], but it is for Wilson fermions, with no twist, and hence it
is not applicable here.
4.2. ǫ-regime vs. p-regime
Before we embark on extracting results using the analytic leading order ǫ-
regime results, we discuss here the magnitude of the number of Dirac eigenvalues
expected to be in the ǫ-regime for the lattice setup used in this paper.
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The scale below which the Dirac eigenvalues behave according to the leading
order ǫ-regime results is known as the Thouless energy scale [54]. The analysis
of [54] leads to the following formula
λˆ5Thouless = 1/2(FπL)
2. (17)
With the lattice setup used in the current study, we have L ∼ 2.5 fm and
hence (FπL)
2 ≃ 3. Thus for the lattice employed λˆ5Thouless ≈ 1.36. This is
slightly larger than in previous studies, such as [34, 35, 36]. In their case, due to
very high statistics that is easily achievable in quenched simulations, very good
agreement was found among the low-lying Dirac spectrum and the Wilson-χPT
predictions.
In Figure 3, we present the comparison of the fitted analytical results in the
ǫ-regime (solid black lines) and the p-regime (dashed red lines) vs. histograms
of lattice data (blue data points with errors from the bootstrap procedure)
for the spectral density ρ5 of the Hermitian Wilson Dirac operator D5 in the
sectors with |ν| = 0, 1, 2. Note that the eigenvalue rescaling is different in both
regimes, i.e. λˆ5p := λ
5V Σp 6= λ5V Σǫ =: λˆ5ǫ (where the subscript p/ǫ corresponds
to fits of the p/ǫ-regime formulae), and hence the plots of p-regime and ǫ-regime
spectral densitites have different x-axes. To have a comparison in a single plot,
we rescaled the x-axis of the p-regime spectral density by multiplying it by
the ratio Σǫ/Σp. In this way, the x-axis of this plot is λˆ
5
ǫ for both spectral
densitites. Obviously, to maintain the correct normalization of the p-regime
spectral density, we multiplied it by the inverse of the eigenvalue rescaling, i.e.
by Σp/Σǫ. Thus, the above mentioned different values of Σ extracted in the
two regimes are reflected in the positions of the dashed red lines. The ratio of
the values in the plots and 1/π reflects the ratio Σp/Σǫ. We find that this ratio
differs from 1 by 4-6% for the different topological sectors, which means that
the extracted chiral condensate values are consistent with each other when the
statistical uncertainty is taken into account.
In general, the fits in the ǫ-regime lead to consistently lower values of the
reduced χ2, especially in the trivial topological sector. However, the difference
is not very large and one can not fully exclude that the eigenvalues are in the
p-regime. It is clear that the reason for this are the large statistical errors, even
though our statistics is as good as could be achieved with the presently available
ensembles. As we already mentioned, we used the longest ETMC ensemble, but
we had to select only configurations with a low topological charge to fit the fixed
index formulae 1 and moreover we were restricted by autocorrelations. Thus, the
only plausible way to increase statistics would be to generate twisted mass con-
figurations in a fixed topology, with a few thousand independent configurations
in each of the three lowest topological sectors.
We investigate the indications of being in the ǫ-regime further in Figure 4.
1For |ν| ≥ 3, the tabulation of analytical values is basically unfeasible, since the integrals
to be computed become very difficult and would require computations lasting tens of minutes
for each (aˆ, zˆt, λˆ5).
13
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
 0.4
 0.45
-10 -5  0  5  10
sp
ec
tra
l d
en
sit
y
λ5
Lattice
Fit ε-regime χ2/dof=0.91
Fit p-regime χ2/dof=1.21
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
 0.4
-10 -5  0  5  10
sp
ec
tra
l d
en
sit
y
λ5
Lattice
Fit ε-regime χ2/dof=0.48
Fit p-regime χ2/dof=0.58
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
 0.4
-8 -6 -4 -2  0  2  4  6  8
sp
ec
tra
l d
en
sit
y
λ5
Lattice
Fit ε-regime χ2/dof=0.59
Fit p-regime χ2/dof=0.69
Figure 3: The spectral density of the Hermitian twisted mass Wilson Dirac operator is plotted
for the lowest values of the index. The solid black curves are fits of the ǫ-regime results, while
the dashed red lines are fits of the p-regime formula (with additional rescaling for visual
purposes, see main text). The blue data points are the numerical results from a lattice
simulation on a 323 × 64 lattice with a lattice spacing a = 0.0815 fm and twisted mass
aµ = 0.0055. The top plot contains the fitting results of the topological sector with ν = 0,
the middle, the results for |ν| = 1 and the bottom plot corresponds to |ν| = 2.
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Figure 4: The spectral density of the Hermitian twisted mass Wilson Dirac operator, together
with the ǫ-regime fit and histograms of the 4 lowest eigenvalues. In the upper part of the plot,
we show the corresponding widths of the histograms.
It shows our ǫ-regime fit (ν = 0) together with separate histograms (translated
to spectral densities) of the lowest 4 eigenvalues and their widths, defined as
standard deviations of their means 2. The characteristic feature of the ǫ-regime
is eigenvalue repulsion, i.e. only a small overlap between histograms of neighbor-
ing eigenvalues, see e.g. Figure 3 of Ref. [66]. On the other hand, the p-regime
is characterized by a strong overlap between such histograms, i.e. there is no
eigenvalue repulsion and the spectral density at a given value of λˆ5 comes from
tens or hundreds of eigenvalues, as was found numerically in [67, 68]. In our
data, we observe only a small overlap between the widths, especially for the
lowest two eigenvalues. In order not to assume what is the number of eigenval-
ues in the ǫ-regime, our fits were performed for spectral densitites constructed
from 1, 2, 3 or 4 eigenvalues, see the next subsection.
All of the above indicates that our ǫ-regime fits are favored with respect
to the p-regime ones. It is plausible that already with the 2nd eigenvalue we
are entering an intermediate regime between the deep ǫ-regime and the deep
p-regime. Nevertheless, the histograms of single eigenvalues are still pretty
robustly separated and one can expect that the LO ǫ-regime formula still works
considerably good. Therefore, in the next section we take these fits as our
preferred ones and we show the extracted values of LECs.
2We have also checked an alternative definition of a histogram width, which is the number
of eigenvalues contained between the 84th and 16th centiles. For a strictly Gaussian distribu-
tion, such definition coincides with the standard deviation. Here, the difference between this
definition and the one from the standard deviation is immaterial for our argument and hence
we plot only the standard deviations.
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Figure 5: The ǫ-regime spectral density of the Hermitian twisted mass Wilson Dirac operator
and fits to the continuum analytical results, corresponding to the a → 0 limit of the results
derived in [37]. The top plot contains the fitting results of the topological sector with ν = 0,
the middle, the results for |ν| = 1 and the bottom plot corresponds to |ν| = 2.
16
|ν| 0 1 2
zˆt 38.25(88)(3.1) 38.25(39)(2.2) 38.25(92)(3.1)
Σ1/3 [MeV] 288.3(2.2)(7.5) 288.3(1.0)(6) 288.3(2.3)(7.5)
χ2/dof(a = 0) 7.4 20.6 35.6
χ2/dof(a 6= 0) 0.91 0.48 0.58
Table 1: Fitting values of the parameter zˆt with implied values of Σ and values of χ2/dof
from fitting with continuum formulae of Wilson χPT. In all the quoted values, the first error is
statistical, while the second one is systematic originating from the comparison of different bin
sizes (taken as half of the largest difference between results using 4 different bin sizes). The
range of the fit is identical to the positive λ5-range shown in the upper, mid and lower panel
of Figure 5. For comparison, we also give values of χ2/dof from WtmχPT fits, see Figure 3
and Table 2.
4.3. Extraction of Σ and W8
From our fitting parameters zˆt and aˆ, we can obtain the LECs Σ and W8
through the definition of the scaling variables. Before we discuss results from
the ǫ-regime fits for twisted mass fermions, we address one more issue that
could be potentially raised by the reader, whether the continuum formulae of ǫ-
regime χPT would provide a reasonable description of the data, due to the O(a)
improvement of twisted mass fermions. For this purpose we have performed fits
with the continuum expression of the microscopic spectral density that can be
obtained by the a → 0 limit of Eq. (8). These fits are shown in Figure 5
and the corresponding values of the fitting parameter zˆt and the implied values
of Σ in Table 1. The large values of χ2/dof when neglecting lattice artifacts
demonstrate that a continuum fit is not preferred. It is very important to add
that for ν 6= 0 in the continuum due to the Atiyah-Singer index theorem we
have exact zero modes (that one can not have on the lattice with any type of
Wilson fermions) and thus the corresponding eigenvalue density has Dirac delta
peaks at zero. In our fits, we have explicitly not included the delta functions
in the analytic formulae, since the value of χ2/dof would diverge. Nevertheless,
the behavior of the continuum formulae around λˆ5 = 0 always excludes the
continuum formulae, as can be also seen in Figure 1 – in the continuum, or very
close to it, there is a deep minimum (ν = 0) or a pronounced maximum (ν 6= 0)
of the spectral density.
We now discuss the extraction of LECs with our preferred fits, i.e. ǫ-regime
WtmχPT fits with leading twisted mass cut-off effects taken into account. As
mentioned above, we use four bin sizes for our histograms and moreover, we
consider four fitting ranges in λˆ5, corresponding to 1, 2, 3 or 4 lowest eigenvalues
composing the accumulated spectral density. Thus, in total we have 16 different
fits for each of the topological charge sectors. The values of fitting parameters for
these 16 fits are shown in Figure 6. We observe that the values are rather stable
and the systematic differences between different fits are usually considerably
lower than the statistical uncertainties. Furthermore, we do not see any clear
tendencies in the values of fitting parameters when the bin size or the fitting
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Figure 6: Fitting values of parameters zˆt (top left), aˆ (top right), zˆ translated to Σ1/3 [MeV]
(middle left), aˆ translated to W8 [r60W
2
0
] (middle right), normalization N (bottom left) and
χ2/dof of the fits (bottom right). We show all analyzed variants, i.e. four values of the bin
size, δ = 0.8 · 10−4, 1.0 · 10−4, 1.2 · 10−4, 1.4 · 10−4 and four fitting intervals, corresponding
to considering 1, 2, 3 or 4 lowest eigenvalues of γ5D. The plotted errors are statistical.
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|ν| 0 1 2
zˆt 37.4(3.0)
+0
−0.5
+1.7
−0 32.4(2.5)
+0.4
−0.2
+2.0
−0 31.3(4.1)
+1.7
−0
+1.5
−0
aˆ 0.78(27)+12−1
+10
−3 1.22(29)
+23
−0
+19
−0 1.18(28)
+9
−3
+12
−6
Σ1/3 [MeV] 286(9)+0−1
+4
−0 273(7)
+1
−1
+4
−0 269(11)
+5
−0
+4
−0
W8 [r
6
0W
2
0 ] 0.0030(23)
+10
−1
+11
−2 0.0069(32)
+26
−0
+24
−0 0.0065(31)
+10
−3
+14
−5
N 1.08(14)+2−0
+13
−4 1.27(9)
+0
−2
+7
−5 1.29(14)
+0
−6
+0
−8
χ2/dof 0.91 0.48 0.58
Table 2: Fitting values of the parameters zˆt, aˆ and the normalization N , together with the
extracted values of Σ1/3 andW8. In all the quoted values, the first error is statistical, while the
asymmetric systematic ones originate from the comparison of four different bin sizes (second
error) and from comparison of fits to the lowest 1, 2, 3 and 4 eigenvalues (third error). The
quoted central values and the χ2/dof values correspond to the fits to 4 eigenvalues with bin
size 1.2 · 10−4, shown in Figure 3
.
range are varied, apart from the tendency to larger statistical errors when the
fitting range is narrowed. As our central values, we take the ones for bin size
1.2 · 10−4 and all four lowest eigenvalues, as the most accurate determination.
This case is illustrated in Figure 3 and the fitting parameter values are given in
Table 2. To take into account the variations introduced by different bin sizes and
fitting ranges, we assign two systematic errors to each central value, apart from
the statistical uncertainty. We define these systematic errors conservatively as
differences with respect to the minimum/maximum value obtained among the
16 considered fits. As such, they are, in general, asymmetric.
We observe that there are some differences in the numerical values extracted
from the different topological sectors. The renormalized values of Σ that appear
in Table 2 are in a good agreement with the results computed by ETMC with
the method of spectral projectors in Ref. [67], where Σ in the continuum limit
was found to be, translated to physical units, Σ1/3 ≈ 290± 11 MeV. The good
agreement is very encouraging and indicates that discretization errors are taken
into account to a certain degree by matching lattice results to LO WtmχPT
which only includes the single trace term, i.e. the one proportional to W8. At
this point, it is important to say that the only real way to check this is via the
analytical computation of the microscopic spectral density containing the two
double trace terms, since then the residual dependence would be of O(a4), and
to compare the change on the extracted values of Σ. The value that we extract
forW8 is in agreement with the mixed action studies [31], but differs by roughly
a factor of 2 from the one determined in [32].
As another check, we compared fits with and without the normalization N
(multiplying the eigenvalues λ5 entering the fitting ansatz). For the case of
ν = 0, with an extra multiplicative normalization (fitted to be 1.08(14)+2−0
+13
−4 ),
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we obtained values shown in Table 2. For the case of no multiplicative normal-
ization, we obtained zt = 39.2(9) and aˆ = 0.75(24), which yields Σ = 290.5(2.3)
MeV and W8 = 0.0027(19) (only statistical errors), i.e. results compatible with
the ones without the normalization. For non-trivial topological sectors, fits
without the normalization fail to describe the data completely. The values of
the normalization constant for |ν| = 1, 2 were obtained as: 1.27(9)+0−2 +7−5 and
1.29(14)+0−6
+0
−8, respectively. This further motivates (apart from the theoretical
arguments given above) the derivation of analytical formulae including W6 and
W7. It is important to point out that one could naively think that the low
energy constant W7 drops out for the case of Nf = 2 due to the properties of
SU(2) matrices ((TrU)2 = TrU2+2) and thus, one needs to care only about the
LECW6 which can actually be combined with W8 to one LEC c2 =W6+W8/2.
However, despite the fact that this is true for the partition function itself, it is
not true for the spectral density, which is actually computed via the supersym-
metric Z3/1 generating function.
4.4. The chGUE-GUE transition
The RMT model considered in this analysis can be thought of as a super-
position of a chGUE (chiral Gaussian Unitary Ensemble) and of a symmetrized
GUE (Gaussian Unitary Ensemble). This is easy to understand, because the
lattice spacing controls the interpolation between a chiral anti-Hermitian ran-
dom matrix (in the continuum) and a Hermitian matrix without any chirality
properties when the lattice spacing grows large. We refer the reader to Ref. [69]
for more details on this transition. In order to understand better where our
parameter values stand in the given interpolation, we perform scale indepen-
dent tests by considering ratios of average eigenvalues 〈λl〉ν/〈λk〉ν of our data,
as in [70]. These ratios are very advantageous, since the unknown scale gets
canceled in the ratio and because there is a significant cancellation of statistical
noise, especially if one considers the ratio of the means of the corresponding
eigenvalues. For our benchmarks, we have reproduced all the results of Table
3 of [70] by diagonalizing numerically 30000 random matrices with n = 200
from the chGUE ensemble with ν = 0, 1, 2 and similarly we diagonalized 30000
n = 500 matrices from the symmetrized GUE ensemble (the symmetrization for
the case of the GUE is crucial in order to have a well defined smallest eigen-
value). In order to be able to perform a more transparent comparison of where
do our results ”sit” with respect to the aforementioned ensembles, we decided
to show our results graphically in Figure 7. As one can see, our results show
in almost all cases agreement with the symmetrized GUE ensemble, which is a
natural expectation, since the rescaled lattice spacing is relatively large O(1).
Transitions between the chGUE and GUE have a variety of exciting applications
and we refer the interested reader to [72, 73] for some new results.
5. Conclusions
In this article, we made the first attempt to compute the microscopic spectral
density of twisted mass fermions via a direct lattice simulation. The goal was to
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test analytical predictions of Wilson chiral perturbation theory for twisted mass
fermions and to check the feasibility of the extraction of the chiral condensate
Σ and the W8, which are two LECs of the chiral Lagrangian. This study was
performed within the approximation that the other two LECs W6 and W7,
which also appear at leading order in a2, are set to zero. We plan to check
the validity of this assumption in an upcoming publication after we first extend
the analytical result of [37] to include the effects described by the double trace
terms (the ones involving W6 and W7).
Before extracting the LECs from the twisted mass ǫ-regime χPT, we dis-
cussed whether the lowest eigenvalues are indeed in the ǫ-regime. We showed
that there are some characteristic features of this regime that are observed in
the data, in particular the considerably small overlap between single eigenvalue
histograms. Even though there are indications that we are entering the inter-
mediate regime, we checked that excluding one eigenvalue from the fits leads to
a smaller change of extracted LECs than our uncertainties – thus, the effects
of entering the intermediate regime are likely to be small and not visible at
the level of LO formulae. Moreover, we attempted fits of continuum ǫ-regime
formulae, concluding that they do not describe the lattice data at all. In the
end, the lattice ǫ-regime formulae of WtmχPT provide rather robust fits to the
data.
The extraction of the chiral condensate Σ is mainly controlled by the “height”
of the microscopic eigenvalue density, which we could determine fairly unam-
biguously and our findings are in reasonable agreement with the existing liter-
ature. However, the extraction of W8 has proven to be an ordeal for almost all
lattice approaches. In our study, this was quite a difficult task mainly due to
the fact that for large values of aˆ, the microscopic spectral density becomes less
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dependent on the value of aˆ. Additionally, since the pertinent RMT for Wilson
fermions (and improvements thereof) essentially describes a transition between
a chGUE (for very fine lattice spacings) and a GUE (for coarser values of the
lattice spacing), we studied ratios of average eigenvalues, which showed us that
for the parameter values of our simulation, our results are closer to the case of
the symmetrized GUE. It would still be quite challenging in the near future,
even by employing the finest state-of-the art lattice ensembles, to be able to
discern all the interesting features of the eigenvalue density of dynamical Wil-
son fermions. However, when that will be numericaly feasible, the results would
be very rewarding. A similar effect has been analytically shown for the micro-
scopic eigenvalue density of the unimproved Wilson Dirac operator, cf. Figure 5
of Ref. [25]. For this aspect, simulations at a finer lattice spacing would be very
helpful. Nevertheless, the value of W8 that we extracted is in good agreement
with an earlier determination from a mixed action setup, using a very different
approach.
Summarizing, we believe that our work is an important first step in using
dynamical twisted mass simulations to determine LECs of ǫ-regime WtmχPT.
At this stage, we were naturally limited by the availability of twisted mass
configurations. Despite using a very long ensemble, our statistical errors are
rather large, thus hindering us from seeing clear evidence of ǫ-regime behaviour.
In the future, the methodology developed in this paper can be used for a more
clear analysis, using significantly more statistics and/or using lattice parameters
where more sensitivity is expected in the analytical formulae, i.e. at a finer lattice
spacing (still with a sufficiently large volume) and with a smaller pion mass. On
the theoretical side, more robustness is also expected when possibly non-zero
values of the LECs W6 and W7 are taken into consideration.
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